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MONTONIC FUNCTIONS OF RANDOM VARIABLES

WINTER 2004 A.P. FELZER

Todo "wel" on thisinvestigation you must not only get the right answers but must also do nest,
complete and concise writeups that make obvious what each problem is, how you're solving the
problem and what your answer is. Y ou also need to include drawings of all circuitsaswell as
appropriate graphs and tables.

In the last couple of investigations we introduced some basic probability density functions and their
basic properties. The objective of thisinvestigation is to develop amethod for finding the
probability density functions fy(y) of functions of random variables X asfollows

X Y =g(X)
—>»— N >

Once we know how to do this, we can then calculate the probability density functions at the
outputs of circuits like amplifiers, limiters, rectifiers and so on in terms of the probability density
functions fx(x) of their inputs.

1. The objective of thisfirst problemisto illustrate how to find the the probability distribution of
Y =g(X) inasystem asfollows

X Y =g(X)
—>— N —>—

in the case where X isdiscrete. Aswe know from previous Investigations the probability that
Y =y issimply the sum

fo(y)=a f (%)

where the sum istaken over al x such that y = g(x). Usethisresult to find f, (y) if
Y =g(X) isgiven by

Y=G(x)

wN kol X
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and f, (x) isgiven by

Put your resultsin aTable.



2. The objective of this problem isto illustrate how to find the probability density function f, (y)

of the continuous random variable Y= g(X) when X isacontinuous random variable with
probability density function f, (x). Thetrick isto

(1) Firstfind F,(y) =FY £y] intermsof Fx

(2) Andthendifferentiatetofind f, (y) = d%;”
Suppose in particular that Y = g(X) = 2X. Then
_ _ YU_ - &0
R(Y)=P[YEyY|=P[2XE£y] =P X £= >0 erzﬂ
a. Carry out the differentiation to show that
dr, (y) 1. a5
()= > fxépg
b. Now make use of your result in part (a) to sketch f, (y) when X has auniform
probability density functionintherange O£ X £ 2 asfollows

fx(x)
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3. Generalize on your result in Problem (2) to show that when Y =aX then

dR (y) 1. &
M) =7g " 73 eae
4. Now supposethat Y =aX +b

a Firstexpress R (y) =PFax+b£y] intermsof Fx
b. Then make use of your result in part (a) to show that

dFY(y) Xy - bO
f ( )_ er a ]
c. Now find and sketch f, (y) if Y =3X -2 and X isexponential with A/ T =2

d. Thenfind and sketch f,(y) if Y =3X -2 and X is Gaussian with px =0 and sx = 2.
e. Whatis u, and o, inpart (d)

5. Theabjective of this problem isto find the probability density function of the random variable
Y at the output of arectifier with Y = |X|

a. First express Fy(y) = P[[x| £ y] intermsof Fx. Hint- P[|x|Ey]=P[- yEX£Y]
b. Then carefully make use of your result in part (a) to show that

f () = H () + f (- y)
c. Make use of your result in part (b) to find f, (y) when f, (x) isan even function with

fx ()= 1x(- x)



d. Sketch f,(y) when f, (x) hasthe following probability density. Remember that y 2 0
fx(X)
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e. Find f,(y) at the output of therectifier if X is Gaussian with px =5 and sx = 2.

6. The objective of this problem isto find the probability density function of the random variable Y

at the output of a squaring circuit with Y = X?
a. First express Fy(y) = P[x2 £y] intermsof Fx. Hint - P[x2 £ y] = P[- JY £ XE \/§/]

b. Then make use of your result in part (a) to show that
dF 1
0= = (¢ ()4 1,(- )

dy  2Jy
c. Sketch f,(y) when f, (x) hasthe following probability density. Remember that y 3 0
fx(X)
X
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7. The objective of this problem isto find the probability density function of the random variable
Y at the output of a comparator as follows
y =9(x) s 0
5 _1 X
"=ls xgo
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a First makeasketch of F, (y). Hint - make use of the fact that

i0 y<-5
IR0 y=-5

"R @ s<y<s
(! y35

b. Then make use of your result in part (a) to find f, (y)
c. Sketch f,(y) when f, (x) hasthe following probability density

fx(X)

8. Review Problem: Given the following pulsetrain x(t)
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x(H)

t (msec)

a1 1
a. Why do we say x(t) is periodic

b. What is the fundamental frequency fo of x(t) in Hz

c. What isthe frequency of the third harmonic in Hz
d. What does Fourier tell us about periodic signalslike our pulsetrain



